Abstract. We find calibrated submanifolds in neck manifolds. Particularly, we obtain a calibrated submanifold in the Lagrangian self-expander constructed by Joyce, Lee and Tsui.
Introduction
Minimal or volume-minimizing surfaces have been investigated since Lagrange considered the variational problem of finding the surface z = z(x, y) of least area stretched across a given closed contour in 1762, and Harvey and Lawson invented the theory of calibrated geometry in [1] by which we can find volume-minimizing surfaces in Riemannian manifolds. For example, since both special Lagrangian submanifolds and a pair of oriented m-planes which satisfies the angle criterion, see also [4] , are calibrated, they are volume-minimizing. In recent years the special Lagrangian submanifolds in Calabi-Yau nfolds has been extensively studied. For instance, it is a key ingredient in the Thomas-Yau Conjecture. It is well-known that Lawlor necks are explicit examples of special Lagrangian submanifolds in the complex Euclidean space. However, although Lawlor necks are very important in special Lagrangian geometry, little attention has been paid to the submanifolds inside. In this paper we consider neck-shaped manifolds M × N, to be explained below. In the neck manifolds, we get calibrations and the calibrated submanifolds. Particularly, we will see that the hypersurfaces {y = 0} in Lawlor necks or the Lagrangian self-expanders constructed by Joyce, Lee and Tsui in [3, Theorem C] Definition 1.1. Let (M, g) be a riemannian manifold. An oriented tangent k-plane V on M is a vector subspace V of some tangent space T x M to M with dim V = k, equipped with an orientation. If V is an oriented tangent k-plane on M then g| V is a Euclidean metric on V, so combining g| V with the orientation on V gives a natural volume form vol V on V, which is a k-form on V.
Now let ϕ be a closed k-form on M. We say that ϕ is a calibration on M if for every oriented k-plane V on M we have ϕ| V ≤ vol V . Here ϕ| V = α · vol V for some α ∈ R, and ϕ| V ≤ vol V if α ≤ 1. Let N be an oriented submanifold of M with dimension k. Then each tangent space T x N for x ∈ N is an oriented tangent k-plane. We say that N is a calibrated submanifold or ϕ-submanifold if ϕ| TxN = vol TxN for all x ∈ N.
2010 Mathematics Subject Classification. 53C38. Proposition 1.2. Let (M, g) be a riemannian manifold, ϕ a calibration on M, and N a compact ϕ-submanifold in M. Then N is volume-minimizing in its homology class.
We omit the proof of Proposition 1.2. The reader can check it in [2, Section 4]. The following Theorem 1.3 is our main result.
manifolds for all p ∈ M, where {h(p)} p is a smooth family of riemannian metrics on N. Let f 1 . . . , f n : N → R + be positive and smooth functions and g(q) riemannian metrics on M defined by g(q) = (
is the volume form on (M, g(q 0 )), and M ×{q 0 } is the calibrated submanifold.
Particularly, we have the following example.
Example 1.4. Let a 1 , . . . , a n > 0 and α ≥ 0 be constants. Define riemannian metrics
for all x = (x 1 , . . . , x n ) ∈ S n−1 . Then we can regard (S n−1 × R, g(s) + h(x)) as the Lagrangian self-expander constructed by Joyce, Lee and Tsui in [3] . It has been proved in [5] that when a 1 = · · · = a n , S n−1 × {0} is minimal in (S n−1 × R, g(s) + h(x)) and, by Theorem 1.3, π * vol g(0) is a calibration on (S n−1 × R, g(s) + h(x)) and S n−1 × {0} is the calibrated submanifold.
Proof. Set X i = (X i1 , . . . , X in ) ∈ R n , for i = 1, . . . , k, and
such that the number of the element in S is k, i.e. |S| = k, then we write A S for the k × k matrix whose columns are the columns of A at indices from S, and if B ∈ M n,k (R) is a n × k matrix such that n ≥ k and S ⊂ [n] such that |S| = k then we write B S for the k × k matrix whose rows are the rows of B at indices from S. By the Cauchy-Binet formula, we obtain
Thus, by the definition of q 0 and (1), we get
This completes the proof.
Next we consider the following Lemma 2. 
Proof. Set dim N = t. Let (e 1 , . . . , e k ) be an orthonormal basis of T p M and (e 1 . . . , e k , e k+1 , . . . , e k+t ) be an orthonormal basis of
such that the number of the element in S is k, i.e. |S| = k, then we write A S for the k × k matrix whose columns are the columns of A at indices from S, and if B ∈ M k+t,k (R) is a (k + t) × k matrix and S ⊂ [k + t] such that |S| = k then we write B S for the k × k matrix whose rows are the rows of B at indices from S. Now, by the Cauchy-Binet formula, we have
and
By (2) and (3), it is clear that
This finishes the proof.
We are now ready to prove Theorem 1.3.
Proof of Theorem 1.3. Let V ⊂ T (p, q) (M ×N) be an oriented tangent k-plane on M ×N and (v 1 , . . . , v k ) a basis of V with the positive orientation. Then, from Lemmas 1 and 2, we have
Therefore the closed k-form π * vol g(q 0 ) is a calibration on M × N. Furthermore it is clear that M × {0} is a calibrated submanifold with respect to π * vol g(q 0 ) . This completes the proof.
Discussion
The author believes that the length-minimizing curve in the dumbbell surface with a neck in R 3 becomes a singular point by the mean curvature flow. In general, if we consider the mean curvature flow of some submanifold, we have to check the necks in the submanifold. Volume-minimizing submanifolds correspond to many inequalities and the author hopes that many applications of this paper will appear.
